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Abstract. Singularity analysis is essential in robot kinematics, as singu-
lar configurations cause loss of control and kinematic indeterminacy. This
paper models singularities in bar frameworks as saddle points on con-
strained manifolds. Given an under-constrained, non-singular bar frame-
work, by allowing one edge to vary its length while fixing lengths of oth-
ers, we define the squared length of the free edge as an energy functional
and show that its local saddle points correspond to singular and flexible
frameworks. Using our constrained saddle search approach, we identify
previously unknown singular and flexible bar frameworks, providing new
insights into singular robotics design and analysis.
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1 Introduction

Singularity analysis has long been a fundamental topic in robot kinematics and
remains an active area of research [7]. When a robotic system reaches a singular
configuration, certain infinitesimal flexes fail to correspond to realizable defor-
mations, leading to a loss of control over the system’s configuration space and
resulting in kinematic indeterminacy. While singularities are often associated
with challenges due to the loss of control, they can sometimes offer unique op-
portunities for exploration in robotic systems since a robot can transit between
different kinematic configurations without requiring complex reconfiguration [g].

A common and systematic approach to studying singularities in robotic sys-
tems is through the analysis of the Jacobian matrix derived from geometric
constraints. To illustrate this, we consider a well-known example: the four-bar
linkage in fig. Il a simple yet widely studied singular and flexible bar framework
(see e.g. [4]). This particular 2D bar framework consists of four vertices and four
edges, with two pairs of edges having equal lengths. When the edges AB and
AD do not align into a straight line (as illustrated in the right figures of fig. [II),
the four-bar linkage is non-singular and the non-trivial deformations that keep
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the lengths of all edges form a 1-dimensional smooth manifold. The only degree
of freedom in this motion can be characterized as 6; in fig. [l (62 is determined
by 61). However, when the edges AB and AD align into a straight line with
61 = 62 = 0 (or 7), the four-bar linkage becomes singular. The 4 x 8 Jacobian
matrix of the bar framework’s forward kinematics, also known as the rigidity
matrix, loses rank. In fact, the Jacobian matrix is rank 3 and its null space has
a two-dimensional subspace of infinitesimal flexes that are not infinitesimal rigid
body motions. However, not all infinitesimal flexes in this subspace originate
from nonlinear flexes that keep the lengths of all bars. The configuration space
at this singular structure has two branches of 1-dimensional nonlinear flexes
(these two flexes can be viewed as the two deformations in fig. [[l with small 6;).
The singularity among four-bar linkages can be viewed as a branch point where
some infinitesimal flexes cannot be realized by nonlinear flexes.

Let us analyze this singular bar framework from a different perspective by
allowing the edge C'D to vary its length. Without the edge C'D, we have an
extra degree of freedom 65 to deform the bar framework without changing the
lengths of edges AD, AB and BC. When viewing the squared length of edge
CD as a function of #; and 65 in fig. [l we can see that there are two saddle
points at §; = 62 = 0 (or 7). Both saddle points correspond to the singular
structures where edges AB and AD are colinear. In fact, the two branches of
nonlinear flexes correspond to the two branches in the level set at 6; = 65 = 0.
The singularity of the bar framework originates from the level set’s singularity:
while the 2D non-trivial infinitesimal flexes are parameterized by #; and 62, only
the two infinitesimal flexes along 6, = +65 are realizable within the level set.

The squared distance between B and C
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Fig. 1: The saddle behavior in the four-bar linkage at §; = > = 0.

Now let us generalize such a perspective of viewing singularity as saddle
points on a constrained manifold to general flexible bar frameworks. We start
with an under-constrained bar framework in R¢ with n vertices and m edges
(nd > m + d(d + 1)/2). We assume that this given bar framework is non-
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singular and the configuration space of deformations that do not change the
lengths of bars forms a (nd —m)-dimensional manifold. To avoid rigid body mo-
tions, we choose a pinning scheme so that the non-trivial nonlinear flexes form
a (nd —m — d(d + 1)/2)-dimensional manifold. Then, we allow a certain edge
to vary its length and take the squared length of this free edge as the energy
functional. By searching for index-k saddle points of this energy functional on
the constrained manifold where the lengths of the rest edges are fixed, we are
guaranteed to find a singular and flexible bar framework. Without loss of gener-
ality, we choose the first edge as the free edge, and our constrained saddle search
problem can be stated as follows:

find index-k saddles for f1(p) = |p1.1 — P1.2/?, (1)
st fi(P) =i — P2l =17 =0, i=2....m. (2
g;(P) =0, j=1,...,dd+1)/2 (3)

where p' is a collection of vertices. The constraint functions f;(p) with ¢ =
1,...,m are the squared length of the ith edge and [; is the length of the ith
edge. We choose a pinning scheme g;(p) = 0 with j = 1,...,d(d + 1)/2. In
general, one can randomly pin d(d + 1)/2 coordinates of p.

Our main result, theorem [Il establishes that under mild conditions, a non-
degenerate index-k saddle points corresponds to a singular and flexible bar frame-
work. We also provide a constrained index-k saddle search algorithm and reveal
new singular structures that do not have the symmetry of the four-bar linkage.
We highlight that this approach offers significant flexibility in designing singular
structures, as it does not require any inherent symmetry, unlike the commonly
studied singular structures. It is worth mentioning that optimizing f1(p) with
constraints in eqs. () and (@) yields rigid bar frameworks with second-order
rigidity [2]. These bar frameworks, though rigid, can also be viewed as singular
since they have first-order non-trivial flexes.

2 Preliminiaries and notation

Singular and flexible bar frameworks: We start with a bar framework with
n vertices and m edges: we denote the vertex set {py, 72, .. .,pn}t C R? and the
edge set {E1, Ea, ..., E;,}. A bar framework is flexible if there are deformations
other than rigid body motions that keep the lengths of all bars. For a flexible bar
framework, we call the deformations that keep the lengths of all bars nonlinear
flexes, also known as mechanisms.

A simple counting argument, dating back to Maxwell [6], is commonly used
to suggest whether a bar framework is flexible. Maxwell’s counting argument
states that for a flexible bar framework, the number of edges should not exceed
the number of degrees of freedom minus the number of rigid body motions,
i.e. a flexible bar framework in R? with n vertices and m edges should satisfy
m+d(d+1)/2 < nd. We categorize these bar frameworks under-constrained. It
is also tempting to consider there are nd — m — d(d + 1)/2 internal degrees of
freedom for nonlinear flexes among under-constrained bar frameworks. However,
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such counting arguments do not always work. In fact, it only works when there
is no singularity in the configuration space.

Let us mathematically explain the flexibility and singularity among under-
constrained bar frameworks. A useful notation is to collect all vertices as a vector
p=(P1,...,Pn) € R"™ and also denote p; 1, p; 2 as the two ends of the ith edge
FE;. Using this notation, we can view a nonlinear flex of a bar framework as a
smooth deformation p(t) : I — R"? defined on a small interval I around 0, such
that p(0) = p at the given bar framework and the lengths of the edges remain
unchanged on 1, i.e. the deformation satisfies that for all:=1,...,m

fi(pt)) =0, foralltel, with fi(p):=|pi1 — Piol> — 12, (4)

where [; represents the length of the ith edge. Therefore, a nonlinear flex is a
smooth curve on the level set

M) ={7eR™ | fi({) =0,i=1,...,m}. (5)

A bar framework is flexible if the level set M (p) includes non-trivial deformations
other than rigid body motions. A flexible bar framework is singular if the level
set M(p) is not a (nd —m)-dimensional smooth manifold. A necessary condition
for the singularity in bar frameworks is that V f;(p) with ¢ = 1, ..., m are linearly
dependent. In fact, we call the following Jacobian matrix

R@) = (VTA@) . VP ()" € R (6)

rigidity matrix, where V7 represents the gradient as a column vector. Therefore,
a flexible bar framework is singular if and only if E(p) loses rank and some null
vectors of B(f) cannot be realized by smooth curves in M (p).

Let us also introduce the non-trivial flexes. For a nonlinear flex p(t), its
velocity ¥ = p'(0) € R™? satisfies the linear relation (pi 1 — pi2) - (¥h,1 — Pi2) =0
with 7 = 1,2,...,m, meaning that ¢ € null E(ﬁ) A vector 7 € R™ in the null
space of the rigidity matrix, i.e. ¥ € null ﬁ(ﬁ) is an infinitesimal flex, also known
as first-order flexes. We notice that rigid body motions are trivial nonlinear
flexes, and their derivatives are trivial infinitesimal flexes. For a d-dimensional
bar framework, rigid body motions form a smooth manifold with dimension
d(d + 1)/2. The tangent space of this manifold contains all infinitesimal rigid
body motions and we denote it as 7 (p). We call a nonlinear flex non-trivial if its
velocity satisfies 7 ¢ T (p). It is worth noting that for a singular and flexible bar
framework, a non-trivial infinitesimal flex may not come from a nonlinear flex. A
necessary condition for a non-trivial infinitesimal flex to come from a nonlinear
flex is known as the second-order stress test (see e.g. [1]). In this paper, we are
particularly interested in these singular and flexible bar frameworks.

Index-k saddle points on constrained manifolds: We introduce saddle
points for an energy functional on a constrained manifold (see e.g. [10]). Given
a smooth energy functional E(#) : R? — R and smooth constraint functions
&) : RY — R™, we consider the energy functional E(Z) subject to the equality
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constraints &) = 0. To avoid technicality difficulty, we always assume that
Ve (@), ..., Ve (%) are linearly independent. (7)

Therefore, the level set &Z) = 0 forms a (d — m)-dimensional smooth manifold.
This linear independence condition is also known as the linear independence con-
straint qualification (LICQ) condition in constrained optimization [9]. The nor-
mal space of the level set &(&) = 0 is defined as N (Z) = span{Ve1(Z), . .., Ve (D)1,
and the tangent space is defined as the orthogonal complement T'(Z) = N (Z)*.
We also define the projection matrix P}(f) that projects vectors to the tangent

space T(T)

Pr(@) = I — Vé(f)T(Vé(f)Vé(f)T)_1V8(f) € RO, (8)

Then the non-degenerate index-k saddle points on the constrained manifold

&(&) = 0 are special critical points of the energy functional E(Z) subject to
the equality constraints ¢(Z) = 0, which are defined as follows:

Definition 1. Consider the case where 0 < k < d —m. A point z* is called
a non-degenerate index-k saddle point of the energy functional E(Z) subject to
&(@) = 0 if the following conditions hold:

e Ist-order KKT condition: there exists a Lagrange multiplier 7j(z*) € R™ with

(9)

—

VE(z*) — i (¢*)Ve(a*) =

—
b

e second-order condition: the projected Hessian H(z*) for the Lagrangian L(Z) =

E(%) — i (¥)&(F), which is defined as

T

(¢) = Pp(a*) (V2E(*) = Y mi(a*)V2e(a) ) Pr(a*) e R (10)
=1

—

has k negative eigenvalues and d — m — k positive eigenvalues in f(:v*) and the
m-dimensional N (%) form the zero eigenspace of fl(f*)

It is worth mentioning that the Lagrange multiplier 77(z*) in eq. (@) is always
unique when the LICQ condition eq. (@) holds at £*. The non-degeneracy of
a saddle point #* on the constrained manifold where &#) = 0 indicates the
eigenvalues on the tangent space f(x_:*) never vanish. The index £ of the saddle
point #* indicates that there are k negative directions and m — d — k positive
directions on the tangent space f(ﬁ) Applying the Morse lemma, by a change
of coordinates, the energy functional F(Z) on the constrained manifold where

az) = 0 can be written as a quadratic form with k negative directions and
m — d — k positive directions. The Morse lemma (see e.g. [5]) is stated as:

Lemma 1 (Morse lemma on constrained manifolds). For a smooth en-

ergy functional E(Z) : R? — R and a smooth constraint function &(%) : R4 — R™
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on an open set U, C R? including =*, if the following conditions hold:

e the LICQ condition in eq. ([0);

e 2* is a non-degenerate index-k saddle point for E(Z) on the manifold &&) = 0.
Then there exists a local coordinate Z € U, C R4™™ such that

o #(2): U, = U, satisfies &i(Z)) = 0 with (0) = a*;

e the energy functional E(Z) with the local coordinate z is in a quadratic form
as B(2) i= B(#(2)) = B(@*) — 23— — 224 22, oo+ 22

Using the local coordinate Z, we can see that Z = 0 is an algebraic singularity
since the level set £y = {Z| E() = E(z*)} is neither a single point nor a
smooth manifold. At Z = 0, the Jacobian matrix of E(Z) is rank-deficient and
not all vectors in the tangent space originate from the level set. However, in
some neighborhood of 0 but removing the point 0, the level set £z forms a
(d —m — 1)-dimensional smooth manifold. Back to coordinate #, at #*, the level
set Lz = {Z| E(Z) = E(«*) and &) = 0} is neither a single point nor a smooth
manifold. The saddle point z* is an algebraic singularity and there are tangent
vectors at z* that do not originate from smooth curves within £z.

3 Constrained saddle search approach

Given the constrained saddle search problem in egs. () to (B]), we are interested
in the non-degenerate index-k saddle points p* € R"¢ 0<k<nd—m-—d(d+
1)/2). The new bar framework corresponding to p* has the same connection as
the initial bar framework and remains under-constrained. In fact, this new bar
framework is guaranteed to be singular and flexible.

Theorem 1. For the constrained saddle search problem in eqs. (1) and (@), if

p* is a non-degenerate index-k saddle point and satisfies the LICQ condition, i.e.

Vi®),. ... Vin®*), Vg1 (0*),...,Vgaasn (p*) are linearly independent, then
2

the bar framework corresponding to p* is singular and flexible.

Theorem [ is a direct application of the Morse lemma [I] since the singularity
in the configuration space comes from the algebraic singularity of the level set
at the non-degenerate saddle point. Our goal is to utilize theorem [ to provide
a numerical algorithm to find singular and flexible bar frameworks. We provide
algorithm [Tl for searching index-k saddle points in a general form with an energy
functional E(Z) and constraints &&) = 0, which is a combination of uncon-
strained saddle search (see e.g. [I1]) and Newton’s method to project the search
search direction back to the constraint set. However, unlike gradient descent
which is guaranteed to find local minima, saddle search algorithms only have
local convergence. By trying multiple initial conditions, one might be able to
obtain a saddle point numerically.

It is worth noting that an implicit condition for the pinning scheme is needed
to obtain a non-degenerate saddle point and the LICQ condition for egs. ()
to ([B). For instance, if the pinning schemes are linearly dependent, then the LICQ
condition fails automatically and the level set fo(p) = - -+ = ga(a+1)/2(p) = 0 in-
cludes some infinitesimal rigid body motions, meaning that the saddle points for
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Algorithm 1 Index-k saddle point search of E(&) with constraints &Z) = 0

: Input: Initial values o, v_é with ¢ = 1,... k, step size 1, and tolerance tol.
while ||z, 11 — 25| > tol do

Set, Fny1 = a7 — 0 Sk, (I'— 20}, ® vi) Pr () VE(a7)

Update xz,}1 by projecting 5,;1 to &(@) = 0 via Newton’s method: z,;31 =

- T -
Tnt+1 + (Vﬁ(w})) oy with ay, € R™ satisfying ¢(xn41) = 0.

oW

-

5: Update vﬁ;l = Pr(zai1) (v_ﬁl — (=i ®@vi, —2 Z;;ll v ® v%)f[(x,{;l)v%) and

normalize vﬁ;l tonorm 1 withi=1,... k.
6: end while

the energy f1(p) are degenerate. In general, almost all pinning schemes will avoid
this situation, although specifying and proving the pinning conditions required
to avoid it is beyond the scope of this work, so we suggest just checking the
LICQ condition and non-degeneracy of saddle points after running the saddle
point search.

Examples of singular and flexible bar frameworks: We present two
examples of 2D singular and flexible bar frameworks identified through our con-
strained saddle search approach. Let us explain in detail using the example in
fig. 2(a). We begin with a non-singular heptagon consisting of 10 edges, where
non-trivial nonlinear flexes forms a one-dimensional smooth manifold. To pre-
vent rigid body motion in 2D, here we fix three coordinates, the x,y coordinates
of vertex A and the y coordinate of vertex G. Next, we set the edge BF' free and
this additional degree of freedom allows us to search for index-1 saddle points of
the energy functional, the squared length of edge BF'. By searching for index-1
saddle point numerically, we obtain a bar framework in fig. 2(b), which does not
have the four-bar linkage as a subgraph and has a two-dimensional non-trivial
infinitesimal flexes. By testing the non-degeneracy and the LICQ condition, we
find that the new bar framework is singular and only two infinitesimal flexes
(up to scaling) that come from nonlinear flexes. These two infinitesimal flexes
are found by a second-order stress test and plotted in fig. B(b) and (d). We also
find the nonlinear flexes corresponding to these two infinitesimal flexes, and plot
one deformed states along the nonlinear flexes in fig. Rl(c) and (e)@. We provide
another singular and flexible bar framework of this kind in fig. Bl

4 Conclusions and future work

In this paper, we interpret singularities in flexible bar frameworks as non-degenerate
saddle points on constrained manifolds and provide a numerical algorithm to ob-
tain new singular and flexible frameworks. Future directions include: (1) allowing
multiple edges to vary their lengths to uncover singular frameworks with higher-
index; (2) applying it to periodic frameworks to identify singular lattice systems

4 Animations of these nonlinear flexes and more examples of singular and flexible
frameworks are available at https://xuenanli.github.io/research /|
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Fig.2: (a) initial non-singular heptagon; (b)(d) final state with two special in-
finitesimal flexes; (c)(e) deformed states along the two directions in (b)(d).
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Fig. 3: Another singular and flexible bar frameworks. Figures (a)-(d) follow the
same instruction as fig. 2 (b)-(e).

and design novel metamaterials (see e.g. [3]); and (3) generalizing it to broader
geometric constraints to explore singular structures in complex robotic systems.
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